Toward a unified algebraic theory for mean-field Hamiltonian (MFH) describing pairedand unpaired-mode effects, in this paper, we propose a generalized HB (GHB) MFH in terms of the SO(2N+1) Lie algebra of fermion pair and creation-annihilation operators. We diagonalize the GHB-MFH and throughout the diagonalization of which, we can first obtain the unpaired mode amplitudes which are given by the SCF parameters appeared in the HBT together with the additional SCF parameter in the GHB-MFH and by the parameter specifying the property of the SO(2N +1) group. Consequently, it turns out that the magnitudes of these amplitudes are governed by such parameters. Thus, it becomes possible to make clear a new aspect of such the results. We construct the Killing potential in the coset space SO(2N ) U (N ) on the Kähler symmetric space which is equivalent with the generalized density matrix (GDM). We show another approach to the fermion MFH based on such a GDM. We derive an SO(2N+1) GHB MF operator and a modified HB eigenvalue equation. We discuss on the MF theory related to the algebraic MF theory based on the GDM and the coadjoint orbit leading to the non-degenerate symplectic form.
Introduction
In nuclear and condensed matter physics, Hartree-Bogoliubov theory (HBT) [1, 2] and time dependent HB theory (TDHBT) [3, 4] have been regarded as the standard approximation in many-body theoretical descriptions of superconducting fermion systems. An HB wave function (WF) for such systems represents Bose condensate states of fermion pairs. It is a good approximation for the ground state of the system with a short-range pairing interaction that produces a spontaneous Bose condensation of fermion pairs. Let us consider a fermion operator (OP) with N single-particle states. The pair OPs of the fermion form an SO(2N) Lie algebra and include a U(N) Lie algebra as a sub-algebra. The SO(2N) and the U(N) denote the 2N-dimensional special orthogonal group and the 2N-dimensional unitary group, respectively. One can give an integral representation of a state vector on the SO(2N) group, i.e., exact coherent state representation (CS rep) of a fermion system [5, 6] . The canonical transformation (TR) of the fermion OPs generated by the Lie OPs of the SO(2N) Lie algebra induces the well-known generalized fermion Bogoliubov TR. One of the present authors (S. N.) has shown that a quantized TDHBT based on the SO(2N) group is obtained by using the path integral on the coset space
. The lowest order approximation in the path integral leads to a classical Euler-Lagrange equation of motion for the
coset variables. From this, we can get the TDHB equation [7] . Usually, it solutions gives the ground state of an even fermion system. For an odd system, we have no theoretical method describable both paired and unpaired states in an equal manner. While, in elementary particle physics, supersymmetric extension of nonlinear models was first given by Zumino introducing scalar fields taking value in a complex Kähler manifold [8] . The nonlinear σ-models defined on symmetric spaces have been intensively studyied. van Holten gave a consistent coupling of gauge-and matter superfield to supersymmetric σ-model on the Kähler coset spaces and provided the Killing potential and then the explicit construction of the σ-model on the coset space
SO(2N ) U (N )
. Such a coset σ-model is shown to consistently incorporates a matter in the representation descending from the spinorial representations of the SO(2N) [9] .
It is still a current problem to give a theory suitable for description of collective motions with large amplitudes in nuclei with strongly collective correlations. For a consistent description of collective excitations in such fermion systems, Fukutome, Yamamura and S. N. have proposed a new fermion many-body theory based on the SO(2N +1) Lie algebra of the fermion OPs [10] . The set of the fermion OPs composed of creation-annihilation and pair OPs forms a larger Lie algebra, Lie algebra of the SO(2N+1) group. A representation of the SO(2N+1) group has been derived by a group extension of the SO(2N) Bogoliubov TR for the fermions to a new canonical TR group [11, 12, 13] . The fermion Lie OPs, when operating on the integral representation of the SO(2N +1) WF, are mapped into the regular representation of the SO(2N +1) group and are represented by some bosonized OPs. The boson images of the fermion Lie OPs are expressed by the closed first order differential forms. In the regular representation space, a classical equation of motion, i.e., the SO(2N +1) TDHB equation which describes the motion of fermionic (2N+1)-dimensional rotator, has also been presented.Basing on such the theory of the fermionic rotator, Fukutome and S. N. have proposed the SO(2N +1) TDHBT for unified description of bose and fermi type collective excitations [14] . S. N. has also proposed another type of the SO(2N+1) TDHB equation [15] . As the SO(2N+2) Lie OPs, operated onto functions on the
coset manifold, are mapped into the regular representation consisting of those functions, we have reached an extended TDHBT (ETDHBT) on the coset space SO(2N +2) U (N +1) [16] . Embedding the SO(2N+1) group into an SO(2N+2) group and using the boson images of the fermion Lie OPs, we have obtained a new ETDHBT for fermionic (2N+2)-dimensional rotator.
Following a fundamental prescription prepared in the fermion SO(2N+1) many-body theory, the SO(2N) σ-model has been extended by an algebraic manner to an SO(2N +1) σ-model by the present authors et al. [17, 18] . Through the minimization of a scalar potential, we have first determined a symbolical group-parameter z 2 specifying the property of the SO(2N +1) group. The above new ETDHBT, of course, starts from the original two-body fermion Hamiltonian. However, it involves the unknown parameters which originate from the Lagrange multipliers in order to select out the physical spinor subspace. Because it describes the fermionic (2N+1)-dimensional rotator, through the coordinate transformations for the space fixed and the body fixed coordinate frames, the fermion SO(2N + 1) Lie OPs are expressed in terms of the quasiparticle expectation values (c-number) of those Lie OPs and the quasi-particle SO(2N+1) Lie OPs (quantum mechanical fluctuations). The unknown parameters cannot be determined in the classical limit only, and a complete determination of them requires that the quantum mechanical fluctuations are taken into account. Instead, we have tried to determine the parameters with the aid of the quasi anti-commutation relation approximation for the fermion OPs. A determination of the parameters is possible if we demand that expectation values of the anti-commutators by an SO(2N+1) HB WF satisfy the anti-commutation relations in the classical limit, i.e., the quasi anti-commutation relation approximation for the fermion OPs [16] . Under the approximation, the determination has been attempted but has unfortunately been executed incompletely [19] . To approach such the problem of a fermion system, theory for mean field approximation (MFA) is the standard approximation prevailed in the wide range of physics and it is made by a manner of self-consistent field (SCF). The new static EHBT is derived from the new ETDHBT [19] . It is also a SCF theory and applicable to both even and odd fermion systems which have the same capacity to provide a MFA as the usual HBT for even fermion one. The new EHB equation is written in terms of variables of paired and unpaired modes. Assuming a pairing potential, it has been solved by a method parallel to the two-step diagonalization method for the usual HB eigenvalue equation [20, 21] . We have obtained a new solution with unpaired-mode effects arising from the Lagrange multipliers. We, however, have no effective SCF theory for the determination of the unknown parameters in those multipliers. Thus for a long time it has not been known yet how to describe self-consistent processes involving unpaired fermions. In this sense, we have no TD SCF theory for the description of both the paired and unpaired modes.
Toward a unified algebraic theory for the MFA describing the paired-and unpaired-mode effects, in this paper, we will propose a generalized HB (GHB) mean-field Hamiltonian (MFH) in terms of the SO(2N+1) Lie algebra of fermion pair and creation-annihilation OPs. This GHB-MFH is very similar to the one linear in the Jacobi generator for boson system [22] . We diagonalize the GHB-MFH and throughout the diagonalization of which, we can first obtain the unpaired mode amplitudes which are given by the SCF parameters appeared in the HBT together with the additional SCF parameter in the GHB-MFH and by the group-parameter z. Consequently, it turns out that the magnitudes of the amplitudes are governed by such parameters. Thus, it becomes possible to make clear a new aspect of such the results. We construct a Killing potential in the coset space
. To our great surprise, the Killing potential is equivalent with the generalized density matrix (GDM). We show another approach to the fermion MFH based on such a GDM. We derive anSO(2N+1)GHB MF OP and a modified HB eigenvalue equation (EE). At last we can give a new fermion MFT on the Kähler coset space
. In §2, we give a brief review on the SO(2N +1) Bogoliubov TR and the Killing potential equivalent with the GDM. In §3, on the SO(2N +1) group manifold, we give a GHB MFH and diagonalization of the GHB MFH. A new aspect of the diagonalized solution is made clear. In §4, MF approach using another form of the GDM is robustly developed. Finally, in §5, we give some discussions on the coadjoint orbit and the symplectic form, perspective and summary.
The X and Y are the column vector and the row vector, respectively. The SO(2N+1) canonical TR U(G) is generated by the fermion SO(2N +1) Lie OPs. The U(G) is an extension of the generalized Bogoliubov TR U(g) [2] to a nonlinear Bogoliubov TR. From (2.2), (2.7) and (2.8) and the commutability of U(g) with (−1) n , we obtain 9) where N ×N matrices A = (A α β ) and B = (B αβ ) and N-dimensional column and row vectors x = (x α ) and y = (y i ) and z are defined as follows:
By using the relation U(G)(c, c
n and the third column equation of (2.9), Eq. (2.9) can be written with a q-number gauge factor (z−ρ) [10] as
12)
The U(G) is the nonlinear TR with the q-number gauge factor (z − ρ) where ρ is given as [23, 24, 25] . Let us introduce a 2N×N isometric matrix u by u
coset variable q as q = ba −1 = −q T . According to Zumino [8] , if a is non-singular, we have relations governing u † u as
Following van Holten [9] , we introduce N-dimensional matrices R(q; δg), R T (q; δg) and χ by
Then the Killing potential M is given as
Using (2.15), each component of the expression for M is obtained as
To make clear the meaning of the Killing potential, using the 2N×N isometric matrix u(u † u=1 N ), let us introduce the following 2N ×2N matrix:
The W is the generalized density matrix (GDM) in the SO(2N) CS rep, with R and K in (3.1).
To exploit a unified description of the unpaired-mode solved amplitudes obtained in the previous section and the paired mode amplitudes, we use another form of GDM [14] defined as
Referring to the form of the above GDM, we consider the following SO(2N +1) GDM:
In the subsequent section, we will attempt a different approach to the derivation of the modified SO(2N +1) HB EE from the fermion MF Hamiltonian using the above form of the GDM / W.
GHB mean-field Hamiltonian and its diagonalization
The expectation values (EVs) of the fermion SO(2N) Lie OPs, i.e., the generators of rotation in 2N-dimensional Euclidian space, with respect to the HB WF |g> are given as
Let the Hamiltonian of fermion system under consideration be
The matrix h αβ related to a single-particle hamiltonian includes a chemical potential and [αβ|γδ] are anti-symmetrized matrix elements of an interaction potential. The EV of H with respect to the HB WF |g> is calculated as
The SCF parameters F=(F αβ )=F † and D=(D αβ )=−D T are given by functional derivatives as
Instead of Hamiltonian (3.2), we introduce the generalized Hartree-Bogoliubov (GHB) meanfield Hamiltonian (MFH) H SO(2N +1) with another kind of SCF parameters
We also have studied the GHB-MFH linear in the Jacobi generator for boson system [22, 26, 27] .
Here, we introduce traceless matrices
• F and F expressed in the following forms:
and
Using the generalized Bogoliubov TR (2.11) and the OP identity z 2 −ρ 2 = 1, we can diagonalize the MFH, H SO(2N +1) (3.5) as follows:
quasi-particle (QP) energy. Using (3.9) and (3.6), we obtain 10) which is explicitly written by  11) from the first column in both sides of equations of which, we get the following set of equations:
Then we have F b+Da = be, Db+F a = −ae,
By through the second column in both sides of equations of (3.11), we get the following set of equations:
from which we have
Finally, by through the third column in both sides of equations of (3.11), we get equations
The first and second equations of (3.13) and (3.15) are set of the well-known fermion Bogoliubov equations with eigenvalue e. The division of E into e and ε is a useful manner to treat the MF eigenvalue equation (EE) and to make clear its structure through each step of calculative ways. The additional eigenvalue, ε, however, turns out to be ε = 0 due to the relations (3.16) . From now on, we adopt the method developed in the GHB-MFT for boson system [22] . Multiplying the first of (3.13) by b † and that of (3.15) by a T from the right, we obtain
Also multiplying the first of (3.13) by a † and that of (3.15) by b T from the right, we obtain
Adding second of (3.17) to first and that of (3.17) to first and using (2.3), we have
Multiplying the third equation of (3.13) by b † and that of (3.14) by a T from the right, we have
where
where we have used the relations (3.19). The form of equation (3.21) is changed as
owing to (3.16), which gives the additional conditions
In (3.22) , multiplying the first equation in the first line by F and the second one in the second line by D and adding them, we get
If the conditions F D−DF = 0 and beey † −aeey T = 0, which lead the condition eb −1 a = −b −1 ae, are satisfied, then we have the expression for x and x † as
On the other hand, combining the equations in the first and the second lines of (3.12) and (3.13) and those in the first line of (3.16) and using ε = 0, we have the following relations:
and further combining the equations in the first and the second lines of (3.14) and (3.15) and those in the first line of (3.16) and using ε = 0, we have the following relations:
The relations (3.23) and eb −1 a = −b −1 ae give the consistent result with (3.22) as
In
and left, respectively, we obtain the equations
where we have used the relations (3.26) and (3.27) . Further multiplying the first and second equations in (3.29) by y † √ 2 and y √ 2 from the right and left, respectively, we have
Then, at last we reach the following expressions for the vectors x √ 2 and x † √ 2 :
where < e > is defined as < e >≡ y √ 2 e y † √ 2 . Therefore, the < e > stands for the averaged value of all the eigenvalue distribution. Thus, this is the first time that the final solutions for the vectors x √ 2 and x † √ 2 could be derived within the present framework of the SO(2N +1) MFT. Such a situation takes place also for the Jacobi-algebra MFT for a boson system with N(2N +1)+2 Jacobi generators [22] . The inner product of the above vectors is shown to lead us to the relation
which is an appreciably interesting result in the SO(2N +1) MFT and is simply rewritten as 33) which designates that the magnitude of the additional SCF parameter M is inevitably restricted by the behavior of the SCF parameters F and D governed by the condition F D − DF = 0. Remember that this condition is one of the crucial condition in (3.24) to derive the equations for vectors x √ 2 and x † √ 2 (3.25) which reflect the special aspect of the SO(2N+1) MFT. Such a result should not be a surprised consequence that the relation (3.33) is very similar to the relation obtained in the GHB-MFT for a boson system [22] . This is because we have adopted the same manner of mathematical computation as the manner that is done for the boson case.
4 Mean-field approach using another form of GDM According to equations (2.7) and (2.10), we introduce a matrix g x represented by
Then, using the another form of GDM, / W (2.18), the explicit expression for / W is given as
The column and row vectors in the first matrix in the last line of (4.2) are calculated as
where we have used xL † x−xL T x = 0 and x † Lx † −x T Lx † = 0. Thus we reach our desired goal to find the final expression for the SO(2N +1) GDM / W as
Parallel to the way made in (4.2), the GHB MF OP F , which is formally of the same form as the first equation of (3.6), is transformed to / F as 9) in which, instead of the matrix F (3.7), here we use a matrix F which modifys F as
(4.10)
The transformed MF OP / F (4.9) is rewritten as
At a glance, it is considered that the OP / F doesn't keep both the properties of the hermitian conjugate, the characteristic of the SO(2N +1) group and of the traceless matrix, i.e., Tr / F=0. However, paying attention to the underlying relations obtained through some calculations
it turns out that the transformed MF OP / F becomes to restore exactly the hermitian conjugate, the characteristic of the SO(2N +1) group and the tracelessness, Tr / F = 0. In the matrix representation for / F, using (4.10) and (4.1), g x Fg †
x is calculated as
where we have used the relations derivable with the aid of (4.3) 15) in which all the terms except the F and D terms are canceled with each other. The relations
are also proved similarly.
In the matrix representation for / F, further we have a simplified expression such as
At last, we can reach the final form for / F more simply expressed as
The SCF parameters M originally has any no correlations with motions of the paired mode variables a and b. Thus, from the physical viewpoint, it is natural to make a theoretical set up under the condition produced by the following constraint: 18) multiplying which by x
x from the left, we have
In the above, using the result (4.13), we obtain a relation
Thus we get a relation M T x−M † x=0 which strongly affects on a role of the SCF parameters M.
On the other hand, following to the form of the GDM (2.18), we introduce a new quantity,
With the aid of the relation g
Using again the matrix F (3.7), parallel to the above formula for 1 2 / W , the matrix / F defined in the last line of (4.14) is also simply changed to
After complicated calculations, F is expressed by F , two block matrices in component of GDM / W given by (2.18), i.e., R− 1 2 ·1 N and K, and unpaired mode amplitudes x and x in a long form as
. From now on we will restrict the Hilbert space to a subspace | > in which the OP, g 
where i means a QP state and the SO(2N+1) GHB MF OP F (4.23) has with a complicated form of interaction term. The above type of equations with slight modifications were already obtained in [19] in which, of course, the original HB OP is replaced by F instead of F . Both the equations in the second line of (4.26) are similar to those given by (3.16) in which, however, it must be paid attention to a role of the unpaired mode amplitudes. The x and x are exchanged each other in both the equations in the second line of (4.26). In deriving the modified SO(2N+1) HB EE, the column vector √ 2 √ 1+zL given by the relation (4.5) plays an important role in each step of calculative process. In closing this section, we finally attract a significant attention concerning a basic problem what is the physical meaning of the quantity, − √ 2 √ 1+zL. Noticing the WF |G> = U(G)|0>, i.e., SO(2N+1) CS rep, and using the relations
and y β = a γβ x γ −b γβ x γ , the QP vacuum EV of the annihilation OP c α , i.e., < c α > G is found mathematically into the following form: 27) due to (4.5) and < c † α > G = < c α > G . Thus, the physical meaning of the quantity, − √ 2 √ 1+zL α , is made clear. Thus, it is said that the quantity is the QP vacuum EV of annihilation OP c α .
Originally, the SO(2N+1) Hamiltonian (3.5), i.e., H SO(2N+1) withM = 0 can not be essentially regarded as an SCF Hamiltonian. Such a situation is in very contrast to the fact that theoretical self-consistent MF Hamiltonian is obtained by through the appropriate averaging of the original HB (SO(2N)) Hamiltonian over the fermion states. As a matter of fact, at the early stage of the present work, it has already been pointed out that the unknown parameters k and l involved in M are considered to connect strongly with the constraint to select out the physical fermion space from the whole Hilbert space [10] . This gives a self-consistency problem for the unknown parameter. In the succeeding section, we will discuss such a stubborn and trouble problem.
Discussions, perspective and summary
The embedding of the SO(2N +1) group into an SO(2N +2) group leads us to an unified formulation by which we can treat the paired and unpaired mode amplitudes with an equal footing. Let us define (N +1)×(N +1) matrices A and B accompanying with y = x the orbit surface is even-dimensional. Thus, the dimension of the GDM necessarily becomes even-dimensional. This is why we introduce the GDM on the SO(2N+2) CS rep instead of the GDM on the SO(2N+1) CS rep. The determinantal orbit is, of course, regarded as a symplectic manifold. The SO(2N+2) canonical transformation of the O W preserves the symplectic structure,
where X, Y ∈ SO(2N +2) are tangent vectors at W. While, according to Rosensteel and Rowe again, we also define the coadjoint action ad * G on the GDM on the SO(2N +2) CS rep as, ad * G (W) = GWG −1 . (5.6) The orbit surface O W has one-to-one correspondence with the coset space of SO(2N+2) modulo. Then, the isotropy subgroup arises at the W, say, H W = {h ∈ SO(2N+2)|hWh −1 = W} and the coset space is identified with the O W :
In the case of generic orbit, however, the map U(G)Φ → GWG −1 is a many-to one correspondence. We, here, have used the properties U(G)|0> = U(G)|0> and U(G)|0> = <0|U(G)|0>e 1 2 QpqE pq |0>, where Q pq is given by Q pq = (BA −1 ) pq and E pq belongs to the fermion SO(2N+2) Lie OPs [23] . To advance a construction of the AMFT on the SO(2N+2) manifold, we consider a model Hamiltonian H on the SO(2N+2) manifold and an energy function on O W by a vacuum EV of the Hamiltonian as, H SO(2N+2) = h pq E Due to the many-to one correspondence, the energy function on the O W cannot take the vacuum EV of the model Hamiltonian. This makes the evaluation of the energy function to be ambiguous. To remove such ambiguity, we have a possibility to choice for the energy function as
8) The ground-state GDM lies on one of the orbits O W and then the minimization for the energy function must be made on the orbit surface [33, 34] . Thus, we unavoidably encounter a serious problem of the determination of the orbit surface and the exhaustive search for the energy minimum at the same time. Such a difficult problem will be studied elsewhere in a near future.
As mentioned first, to give a theory for collective motion is still a currently topical problem. There exists an alternative way, the so-called "moment map "method proposed by Guillemin and Sternberg [36] and by Ref. [31] . This method may be also considered to be a powerful tool for constructing the microscopic theory to describe motions with strongly collective correlations.
Finally, the essentials are summarized as follows: we have given the GHB-MFH in terms of the fermion SO(2N+1) Lie OPs. We have diagonalized the GHB-MFH and throughout the diagonalization of which, we first have obtained the unpaired mode amplitudes which are given by the SCF parameters appeared in the HBT together with the additional SCF parameter in the GHB-MFH and by the SO(2N+1) group-parameter z. Consequently, it turns out that the magnitudes of these amplitudes are governed by such parameters. Then, we has made clear a new aspect of such the results which have never been in the traditional works. We also have studied the Kähler symmetric space . It is our great surprise that the Killing potential is equivalent with the GHB GDM / W corresponding to the many-fermion state Φ. Generally speaking, the GHB GDM is an important and useful tool to study the many-fermion problems. See details in textbooks [4] and [21] . We further have developed vigorously another approach to the fermion MFH based on the different form of the GDM which is essentially equivalent with the Killing potential. In the ordinary course of things, as a result, we have derived the SO(2N + 1) GHB MF OP (4.23) and the modified HB EE (4.26) accompanying by non-vanishing SCF parameters M α 's. Thus, we could give successfully a new fermion MFT for the paired and unpaired modes on the Kähler coset space
standing on the basic sprit of the algebraic mean-field viewpoint.
